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Motivated by experimental observation of the non-magnetic phase in the compounds with frustration and
disorder, we study the ground state of the spin-1/2 square-lattice Heisenberg model with randomly distributed
nearest-neighbor J1 and next-nearest-neighbor J2 couplings. By using the density matrix renormalization group
(DMRG) calculation on cylinder system with circumference up to 10 lattice sites, we identify a disordered phase
between the Ne´el and stripe magnetic phase with growing J2/J1 in the presence of strong randomness. The
vanished spin-freezing parameter indicates the absent spin glass order. The large-scale DMRG results unveil
the size-scaling behaviors of the spin-freezing parameter, the power-law decay of average spin correlation, and
the exponential decay of typical spin correlation, which all agree with the corresponding behavior in the one-
dimensional random singlet (RS) state and characterize the RS nature of this non-magnetic state. The DMRG
simulation also opens new insight and opportunities for characterizing a class of non-magnetic states in two-
dimensional frustrated magnets with disorder. We also compare with existing experiments and suggest more
measurements for understanding the spin-liquid-like behavior in the double perovskite Sr2CuTe1−xWxO6.
Introduction. Spin liquid (SL) is an exotic quantum liquid
state realized in frustrated magnets [1–5], which exhibits long-
range entanglement and fractionalized excitations [6–8] and
may have potential applications in quantum computation [9].
After extensive search for decades, spin-liquid-like behaviors
have been reported in frustrated antiferromagnets [3–5]. In
particular, most of the SL candidates have been characterized
as gapless spin-liquid states in experiment [4, 10–16]. Never-
theless, theoretical studies have only established SL states in
few highly frustrated models including kagome antiferromag-
net and triangular-lattice Heisenberg models with competing
interactions [3, 5]. Only considering frustrated interactions
may be insufficient to account for the widely observed spin-
liquid-like behaviors in materials.
Another common factor that may suppress magnetic order
is disorder, which naturally exists in materials [11, 12, 17, 18].
Understanding disorder effect in two-dimensional (2d) frus-
trated systems is a longstanding challenge for theoretical
study. In one dimension (1d), the strong-disorder renormaliza-
tion group has established the infinite-randomness fixed point
(IRFP) with infinite dynamic exponent, which describes the
random singlet (RS) state in random spin chains [19–27]. A
characteristic feature of the 1d RS state is the drastic differ-
ence between the average and typical spin correlations, which
follow the r−2 power-law and the exponential decay respec-
tively as a function of distance r due to the logarithmically
broad probability distribution of spin correlation [23]. Re-
cently, this state has been proposed to be realized in spin-
chain compounds [28, 29]. In 2d, it has been shown in ex-
periment that increased disorder can also melt magnetic order
and induce spin-liquid-like behaviors [30–34]. Theoretically,
although the IRFP has been found in few 2d systems [35–38],
the disorder-induced states in general frustrated Heisenberg
models are quite elusive [39, 40]. Recently, systematic exact
diagonalization (ED) studies have unveiled a disordered phase
driven by random couplings in various frustrated Heisenberg
models, which is conjectured to be a 2d RS state [41–47]. The
ED results of the dynamical and thermodynamic properties of
this state qualitatively agree with the predictions of gapless
spin liquids [41–48]. Nonetheless, the characteristic proper-
ties of the RS state such as the scaling behaviors of spin corre-
lations have not been addressed and it is unresolved whether
this disordered phase is indeed a RS state or not. A recent
quantum Monte Carlo (QMC) study on the random J − Q
model find a disordered state with the average spin correlation
decaying algebraically as r−2 [49], which strongly indicates
the RS nature of this state. However, the conclusion in this
J−Qmodel may not be directly applied to frustrated spin sys-
tems. Therefore, understanding the spin correlation behaviors
is highly desired to identify the nature of the disorder-induced
exotic state in 2d frustrated Heisenberg models.
In this Letter, we use the large-scale density matrix renor-
malization group (DMRG) calculation to address the charac-
teristic behaviors of spin correlations in the disorder-induced
phase. We study the spin-1/2 square-lattice Heisenberg model
with the random nearest-neighbor (NN) J1 and next-nearest-
neighbor (NNN) J2 couplings. This system is being consid-
ered to describe the spin-liquid-like phase in the double per-
ovskite Sr2CuTe1−xWxO6 [50–57], which realizes simulta-
neous tuning of frustration and disorder by the random Te-W
cation mixing. The pure J1 − J2 square Heisenberg model
has a non-magnetic phase near J2/J1 = 0.5 due to strong
frustration [58, 59]. With random couplings, recent ED study
has found evidence for a disordered phase and a possible spin
glass phase [46], without resolving the nature of the disor-
dered phase. Based on the DMRG results, we identify a dis-
ordered phase without any magnetic order or spin glass order
in the strong randomness regime. Furthermore, we unveil the
L
−1/2
x scaling of spin-freezing parameter with system length
Lx, the r−2 power-law decay of average spin correlation, and
the exponential decay of typical spin correlation, which all
agree with the corresponding behavior in the 1d RS state [23]
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2and characterize the RS nature of this disordered state. The
consistent r−2 behavior of average spin correlation also indi-
cates that this RS state may belong to the same fixed point as
the RS state in the J−Qmodel, which demonstrates the robust
universal behavior for such interacting and disorder systems.
The vanished spin-freezing parameter in our model study im-
plies that the spin glass order should be absent in the dou-
ble perovskite Sr2CuTe1−xWxO6 at low temperature, which
agrees with the results at x = 0.5 and calls for future µSR
measurement for other mixing ratios at low temperature.
Τ1
/
FIG. 1. Model Hamiltonian and quantum phase diagram of spin-1/2
J1−J2 square-lattice Heisenberg model with random couplings. (a)
The random NN J1 (green bonds) and NNN J2 (red bonds) couplings
are uniformly distributed in the interval αij , βij ∈ [−1, 1]. ∆ is the
strength of the randomness. (b) Quantum phase diagram of the model
with growing J2/J1 and fixed ∆/J1 = 1, which shows a random-
singlet phase between the Ne´el and stripe magnetic phase.
The model with random J1, J2 couplings is defined as
H =
∑
〈ij〉
J1(1+∆αij)Si ·Sj+
∑
〈〈ij〉〉
J2(1+∆βij)Si ·Sj , (1)
where αij and βij denote the random variables uniformly dis-
tributing in the interval [−1, 1], and ∆ controls the random-
ness strength of the interval [Ji(1−∆), Ji(1 + ∆)] (i = 1, 2).
We set J1 = 1.0 and choose ∆/J1 = 1.0 to focus on the
strong randomness case. By using the DMRG with spin SU(2)
symmetry [60, 61], we simulate the system on the cylinder
geometry with the periodic boundary conditions along the cir-
cumference direction (y) and the open boundary conditions
along the axis direction (x), with Ly and Lx being the num-
bers of sites along the two directions. We study the systems
with Ly up to 10. To avoid edge effects, we choose Lx = 2Ly
in most calculations and compute physical quantities using the
middle Ly×Ly subsystem, which is found valid by the agree-
ment of our data with the QMC result. We keep 3000 SU(2)
states (equivalent to about 12000 U(1) states) to ensure the
truncation error smaller than 1 × 10−5. We take 100 (50)
random samples for Ly = 4, 6 (Ly = 8, 10), which ensure
the good sample average of the quantities (see Supplemental
Material [62]). We use “〈〉” and “[ ]” to represent quantum
mechanical and stochastic averages, respectively.
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FIG. 2. Finite-size scaling of order parameters. (a) and (b) are the
Ne´el (m2N) and stripe (m
2
str) order parameters versus 1/Ly . For a
comparison, we include the result of J2 = 0.5,∆ = 0 [63], which
has been identified as a non-magnetic state. The star symbol denotes
the QMC result for J2 = 0 [64]. (c) and (d) are the spin-freezing
parameter q versus L−1/2x with Ly = 4, 6. The result of the 1d RS
state of the Heisenberg chain is also shown. (e) and (f) are the spin-
freezing parameter q versus 1/Ly obtained in the middle Ly × Ly
subsystem. The data are fitted by using the power function of 1/Ly .
The solid line in (d) shows the linear scaling of the small-size data.
Phase diagram and absent spin glass order. We first deter-
mine the phase diagram of the system by computing magnetic
order and spin-freezing parameters. We define magnetic order
parameter at the wave vector k as
m2(k) =
1
N2s
∑
i,j
[〈Si · Sj〉]eik·(ri−rj), (2)
where Ns = Ly × Ly . The Ne´el and stripe magnetic order
parameters can be defined as m2N = m
2(pi, pi) and m2str =
m2(0, pi). On the isotropic torus geometry, the stripe state
has the peaks at k = (0, pi) and (pi, 0). Here the cylinder
geometry breaks rotational symmetry and the stripe state se-
lects the dominant peak at (0, pi). In Fig. 2(a-b), we show
the finite-size scaling of m2N and m
2
str. For J2 = 0, m
2
N is
smoothly extrapolated to 0.064 at the N → ∞ limit, which
agrees with the QMC data quite well [64] and shows the va-
lidity of our DMRG setup and calculation. With growing J2,
the Ne´el order is melted at J2 ' 0.3. For the larger J2, m2str
is clearly extrapolated to a finite value at J2 = 1.2, show-
ing the stripe order survived from randomness. Based on the
3large-scale DMRG results, we identify a non-magnetic phase
for J2 ' 0.3− 1.0, which agrees with the ED finding [46].
We further explore a possible spin glass phase in this non-
magnetic region [39, 46]. Spin glass order can be character-
ized by the spin-freezing parameter q [65] defined as
q =
1
Ns
√∑
ij
[〈Si · Sj〉2]. (3)
If spin orientations freeze, q would be nonzero in the ther-
modynamic limit. First of all, we show the size scaling of q
versus Lx for given Ly (Ns = Lx×Ly in Eq. (5)) in Fig. 2(c-
d). On the Ly = 4, 6 systems with large Lx, q clearly shows
the L−1/2x scaling behavior, agreeing with that in the 1d RS
state. We further study the decay behavior of [〈Si · Sj〉2] as
a function of |i − j|, which indeed supports this L−1/2x scal-
ing behavior (see Supplemental Material [62]). We also notice
that for any given Lx, q decreases with growing Ly , suggest-
ing the absent q in large-size limit. Secondly, we compute q
in the middle Ly × Ly subsystem and analyze q versus 1/Ly .
As shown in Fig. 2(e-f), q is extrapolated to finite values in
the magnetic order phases as expected. In the non-magnetic
region, we may also obtain a small finite q that agrees with the
ED result [46] if using the linear scaling for the small-size re-
sults. However, the data of q on the larger systems drop faster,
which leads to the vanished q for Ly → ∞ and indicates the
absent spin glass order. Our results indicate that the system
should be the RS state in the whole non-magnetic region.
Average and typical spin correlations. Next, we study aver-
age and typical spin correlations to characterize the RS nature
of this disordered phase. We analyze the average spin cor-
relation in two ways. First, we consider the Ly-dependence,
which has been used in the study of the J − Q model [49].
We calculate the average absolute spin correlations that are
defined for the largest-distance sites on the middle Ly × Ly
subsystem, as shown in the inset of Fig. 7(a). The log-log
plot of the average spin correlation versus Ly shows a power-
law decay Cs(Ly) ∝ L−αy with the exponent α ' 2. This
exponent also agrees with that found in the RS state of the
J − Q model [49]. Secondly we study the average spin cor-
relation decay along the x direction. To reduce finite-size
effects, we consider the large systems with Ly = 8, 10 and
Lx = 2Ly . We choose the reference site S0 on the left side of
the middle Ly × Ly subsystem and study the spin correlation
decay [|〈S0 · Sr〉|] from the left to the right side, as shown
in Fig. 7(b). The average spin correlations shown here are
very close, showing small finite-size effects and the consis-
tent power-law decay Cs(r) ∝ r−2 (see Supplemental Mate-
rial for the smaller-size data and the consistent results for the
weaker randomness strength [62]). The good r−2 power-law
decay of average spin correlation indicates a universal behav-
ior found here and also for other 2d and 1d RS states [23, 49].
We further investigate the probability distribution of the ab-
solute spin correlations defined for the largest-distance sites in
the middle Ly × Ly subsystem, denoted as |Cij |. The prob-
ability P (|Cij |) versus ln |Cij | on different sizes becomes
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FIG. 3. Size scaling and distribution of spin correlation functions.
(a) Log-log plot of the average absolute spin correlation versus Ly ,
which are defined for the largest-distance sites on the middleLy×Ly
subsystem as shown by the example in the inset. The dashed lines
denote the fittings with Cs(Ly) ∼ L−2y . (b) Log-log plot of the av-
erage absolute spin correlation [|〈S0 · Sr〉|] versus distance r along
the axis direction of cylinder. The reference site S0 is defined on the
left side of the middle Ly×Ly subsystem, and the site Sr is counted
from the left to the right side, as shown by the inset. The dashed
lines denote the fittings with Cs(r) ∼ r−2. (c) and (d) show the data
collapse of P (x) versus x = ln(|Cij |L2y) on different system sizes.
(e) and (f) show the linear plot of −[ln |〈S0 · Sr〉|] versus r1/2.
broader with growing Ly (see Supplemental Material [62]),
which agrees with the decrease of Cs(Ly) . To eliminate the
finite-size effects in the analysis, we define a new scaling vari-
able x = ln(|Cij |L2y) and plot P (x) versus x in Fig. 7(c-d).
Any distribution P (x) with data collapse for differentLy must
lead to the power-law decay of the average spin correlation
Cs(Ly) =
∫ ∞
0
dxP (x)
ex
L2y
∝ L−2y . (4)
Thus, the good data collapse in Fig. 7(c-d) further supports
the power-law decay of Cs(Ly) found in Fig. 7(a).
In the 1d RS state, the logarithmically broad distribution
of spin correlation leads to the exponential decay of typical
spin correlation, described as −[ln |〈S0 · Sr〉|] ∝ r1/2 [23].
We show the linear plot of −[ln |〈S0 · Sr〉|] versus r1/2 in
Fig. 7(e-f). On both the Ly = 8, 10, Lx = 2Ly systems and
the Ly = 4, 6 cylinders with large Lx, −[ln |〈S0 · Sr〉|] fol-
lows the linear scaling with r1/2 quite well. We also analyze
4−[ln |〈S0 · Sr〉|] versus r using the log-log manner (see Sup-
plemental Material [62]), which shows good power-law de-
pendence and the slope gives the power exponent very close
to 1/2, supporting the results in Fig. 7(e-f). Therefore, our
results unveil the characteristic behaviors of spin correlations,
which agree with those in the 1d RS state and indicate the RS
nature of this randomness-induced non-magnetic phase.
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FIG. 4. Finite-size scaling of gaps and distributions of microscopic
clusters. (a) and (b) are the gaps obtained from the ED calculation.
N is the total site number. The fitting curves are guides to the eye. (c)
The covering of the isolated dimers (the red ellipse), the resonating-
dimer clusters (the connected green ellipses), and the orphan spins
(the arrow) on the lattice with a given random sample. The gradation
of the red color corresponds to the strength of the bond correlation
〈Si ·Sj〉. (d) The ratios of the different clusters in different quantum
phases. We analyze the data from the middle Ly × Ly subsystem.
Excitation gaps and microscopic clusters. The previous ED
study found the vanished spin gap in the RS phase [46]. To
further unveil the properties of excitations, we separately com-
pute spin-triplet and singlet gaps by using ED. Compared with
the results in the Ne´el phase, both triplet and singlet gaps in
the RS phase decrease, as shown in Fig. 4(a-b), showing the
vanished gaps in the thermodynamic limit. In particular, while
the finite-size data of triplet gap in the RS phase slightly de-
creases, the singlet gap is strongly suppressed.
In the presence of disorder, local clusters may form in mi-
croscopic scale. Recent ED study has found three types of
clusters in random spin systems, including the isolated dimer,
the resonating-dimer cluster, and the orphan spin [47], which
should be helpful for understanding low-energy excitations.
We extend such analysis in different phases based on the
DMRG results. For each sample on the Lx = 2Ly cylin-
der, we collect all the correlations 〈Si · Sj〉 in the middle
Ly × Ly subsystem. We define the isolated dimer as the sin-
glet pair with strong correlation, the resonating-dimer cluster
as the cluster with more than two strongly-coupled spins, and
the orphan spin as the one weakly coupled to other spins (see
Supplemental Material [62] and Ref. 47 for the procedure to
obtain the covering of clusters). One example of the covering
is shown in Fig. 4(c). For each random sample we compute
the ratios for the different types of clusters and then take their
sample averages, as shown in Fig. 4(d). In the three quantum
phases, the dominant cluster is always the isolated dimer due
to strong bond randomness, and the ratio of orphan spin varies
slightly. A feature in the RS state is the less resonating dimers
compared with magnetic states. In the RS state, the triplet
excitations are related to breaking dimers. The broad distri-
bution of bond couplings cause a decrease of the triplet exci-
tation gap. For singlet excitations which are related with spin
flip in magnetic phases, in the RS state such excitations could
be driven by the diffusion of orphan spins [47], which may
account for the strongly suppressed singlet gap in Fig. 4(b).
Conclusion and discussion. We have studied the ground
states of the spin-1/2 square Heisenberg model with random
J1, J2 couplings in the strong disorder regime by using the
large-scale DMRG calculation. With growing J2, we find a
gapless RS phase without any magnetic order or spin glass
order. We identify the characteristic size-scaling behaviors
of spin correlations in this RS state, including the L−1/2x
scaling of spin-freezing parameter with system length Lx,
the r−2 power-law decay of average spin correlation, and the
exponential decay of typical spin correlation, which all agree
with the corresponding behavior in the 1d RS state. The same
scaling behavior of average spin correlation in this frustrated
model and the J −Q model strongly suggests the same fixed
point of the RS states in these different systems. For further
study, the dynamic exponent may be explored by the tensor
network simulation at finite temperature [66, 67] or the anal-
ysis of excitation gap distribution. For Sr2CuTe1−xWxO6,
spin freezing has been excluded for x = 0.5 [50], which
agrees with our results. For the other mixing ratios spin
freezing has not been ruled out so far [51]. Our results imply
that spin glass order is unlikely in Sr2CuTe1−xWxO6, which
calls for further µSR measurement.
Note added. Recently, we became aware of a new µSR
measurement on Sr2CuTe1−xWxO6 [68], which shows the
random-singlet signatures and the results are interpreted to
support the r−2 decay of magnetic correlation.
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RANDOMNESS SAMPLE DEPENDENCE OF THE RESULTS
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FIG. 5. Randomness sample dependence of the physical quantities.
We take J2 = 0.5,∆ = 1.0, Ly = 4, 6, Lx = 2Ly . We show
the spin-freezing parameter q and Ne´el order parameterm2N obtained
from the middleLy×Ly subsystem and the sample number 25−200.
To compute the physical quantities of the system with ran-
domness, one needs to take the sample average for different
randomness samples. In the exact diagonalization (ED) cal-
culation, we use the randomness samples up to 200 − 500.
In the density matrix renormalization group (DMRG) simula-
tion, we could not take so many samples because of the expen-
sive computation time. To estimate the randomness sample
dependence of the physical quantities, we have tested the av-
erage results calculated from different numbers of randomness
samples. The sample dependences of the spin-freezing param-
eter q and the Ne´el order parameterm2N for J2 = 0.5,∆ = 1.0
are shown in Fig. 5 on the Ly = 4, 6 cylinders. We take the
number of randomness samples from 25 to 200, and one can
see that both quantities converge very fast with the growing
sample number. Therefore, in our DMRG simulation we take
100 and 50 randomness samples for Ly = 4, 6 and Ly = 8, 10
cylinders respectively, which ensure the good sample average
of the quantities.
SPIN CORRELATION SQUARE AND SCALING BEHAVIOR
OF SPIN-FREEZING PARAMETER
In the main text, we have shown the L−1/2x scaling of the
spin-freezing parameter q for the given Ly systems in the
one-dimensional (1d) random-singlet (RS) state of the ran-
dom Heisenberg chain (Ly = 1) and the RS state in the two-
dimensional (2d) frustrated square model on finite cylinder.
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FIG. 6. Log-log plot of the average spin correlation square versus
the distance. r denotes the distance of the two sites |i − j|. (a) is
the result of the RS state in the 1d Heisenberg chain with total site
number L = 96. (b) and (c) are the results in the RS state with
J2 = 0.5, 0.7 and ∆ = 1.0 on the Ly = 4, 6 cylinders. The average
spin correlation square shows a power-law decay in these systems
with different power exponents.
The spin-freezing parameter q is defined as
q =
1
Ns
√∑
i,j
[〈Si · Sj〉2], (5)
where Ns = Lx×Ly and the summation runs over all the Ns
sites. For the given Ly system, the size scaling of q with Lx is
determined by the decay behavior of
[〈Si · Sj〉2] versus |i−j|
(we denote |i−j| ≡ r). When computing the scaling behavior
of q along one direction (like a 1d scaling), if we take the spin
6correlation decay as
√
[〈Si · Sj〉2] ∼ r−a, then we can find
that q ∼ L−1/2x if the power exponent a > 1/2.
In Fig. 6, we show the log-log plots of
√
[〈Si · Sj〉2] versus
r in the RS phases. In the 1d RS phase of the Heisenberg
chain, our DMRG result shows that
√
[〈Si · Sj〉2] ∼ r−1,
which naturally leads to the L−1/2x scaling behavior of q. In
the RS phase of the frustrated square-lattice model, our data
show that
√
[〈Si · Sj〉2] also follows the algebraic decay with
the power exponent ∼ −1.6 and −1.3 for J2 = 0.5 and J2 =
0.7, respectively. These exponents also satisfy the relation
a > 1/2 and thus support the L−1/2x scaling behavior of q, as
we have shown in the main text.
POWER-LAW DECAY OF AVERAGE SPIN CORRELATION
In the main text, we have shown the power-law decay of
the average spin correlation in the RS phase on the Ly =
8, 10, Lx = 2Ly cylinders. Here we demonstrate the results
on the Ly = 4, 6 cylinders with the much larger Lx in Fig. 7.
Following the definition in the main text, we study the aver-
age spin correlation decay along the x direction in the bulk of
cylinder. For the Ly = 4, Lx = 32 system, the average spin
correlations also agree with the decay behavior Cs(r) ∝ r−2.
On the Ly = 6, Lx = 48 cylinder, the average spin correla-
tions seem to follow the power exponent −1.8, which is also
close to the r−2 behavior. For J2 = 0.7, the exponent ∼ −2
at long distance although it slightly deviates at short distance,
similar to our results for Ly = 8, 10 shown in the main text.
In the main text, we mainly focus on the strong random-
ness case with ∆ = 1.0. For checking the universality of this
r−2 power-law decay of average spin correlation in the RS
phase, we have also considered the systems with the smaller
randomness strength ∆, which indeed also show the consis-
tent r−2 decay behavior. One example for J2 = 0.5,∆ = 0.8
on the Ly = 4, 6 systems is shown in Fig. 7(c), which sup-
ports the universality of this r−2 behavior of the average spin
correlation decay in the RS phase.
PROBABILITY DISTRIBUTION OF SPIN CORRELATION
In the main text, we have analyzed the Ly dependence of
the average spin correlation Cs(Ly) that is defined for the
largest-distance sites on the middle Ly × Ly subsystem of
cylinder. The size scaling shows the Cs(Ly) ∝ L−2y behav-
ior in the RS phase, which is further supported by the data
collapse of the probability distribution P (x) with the variable
x = ln(|Cij |L2y), where Cij is the spin correlation 〈Si · Sj〉
of the largest-distance sites. Here we directly show the prob-
ability distribution P (|Cij |) versus ln |Cij | in Fig. 8. We can
see that P (|Cij |) becomes broader with growing Ly , which
is consistent with the decreased spin correlation Cs(Ly) with
growing Ly in the studied RS phase.
Before using the new variable x = ln(|Cij |L2y), we have
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FIG. 7. Power-law decay of average spin correlation function along
the axis direction of cylinder. J2 = 0.5, 0.7,∆ = 1.0 for (a) Ly = 4
and (b) Ly = 6. The Ly = 4 and Ly = 6 data are obtained on the
Lx = 32 and Lx = 48 cylinders, respectively. (c) J2 = 0.5,∆ =
0.8 on the Ly = 4, 6 cylinders.
also considered the regular scaling method to analyze the
probability distribution, which however has a large uncer-
tainty due to the limit of our system size. For this reason,
we define the new variable x = ln(|Cij |L2y), which has no
adjustable parameter and any data collapse would support the
Cs(Ly) ∝ L−2y behavior. Here, we show the uncertainty of
the regular analysis. Following the general idea, we define a
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FIG. 8. Histograms showing the probability distribution of spin cor-
relation. P (|Cij |) versus ln(|Cij |) with Cij denoting the spin cor-
relation of the largest-distance sites on the middle Ly × Ly sub-
system. The data include the system sizes Ly = 6, 8, 10 for (a)
J2 = 0.5,∆ = 1.0 and (b) J2 = 0.7,∆ = 1.0.
new scaling variable λ to study the size scaling of the proba-
bility distribution,
λ = −(ln |Cij |)L−βy , (6)
and transform the histograms from the distribution P (|Cij |)
to P (λ). With the correct exponent β, the probability dis-
tributions P (λ) for different system sizes would collapse to-
gether. Meanwhile, the average spin correlation Cs(Ly) ob-
tained from the integral of the data-collapsed distributions
Cs(Ly) =
∫ ∞
0
dλe−λL
β
yP (λ) (7)
should agree with the direct calculation of Cs(Ly). We have
tried different β to collapse the data for Ly = 6− 10. The re-
sults with β = 1/3 and 1/2 are shown in Fig. 9. One may find
that for both β values, the correlation distributions collapse
equally well, especially in the small λ regime where spin cor-
relations are large. By tuning β, we find that the data collapse
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FIG. 9. Histograms showing the probability distribution of spin cor-
relation. P (λ) versus λ = − ln(|Cij |)L−βy with β = 1/3 and 1/2.
Cij defines the spin correlation of the largest-distance sites on the
middle Ly × Ly subsystem. (a) and (b) show the data collapse for
J2 = 0.5, 0.7,∆ = 1.0 on the system sizes Ly = 6, 8, 10.
seems good in our resolution for the range of 0.3 . β . 0.8.
In the RS phase of the random J −Q model on the square lat-
tice, β is found to be 1/3 by using the data collapse of proba-
bility distribution with system size up to 48×48 [49], which is
in the range of the estimated β in this J1 − J2 model. We ex-
pect that the future study on the larger system size can obtain
more accurate scaling exponent β for the RS state in frustrated
spin systems.
EXPONENTIAL DECAY OF TYPICAL SPIN
CORRELATION
In the main text, we have shown −[ln |〈S0 ·Sr〉|] as a func-
tion of r1/2 in the RS state, which is proportional to r1/2 and
thus supports the exponential decay of typical spin correla-
tion [23]. Here, we take another way to analyze the data by
plotting −[ln |〈S0 · Sr〉|] as a function of the distance r in the
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FIG. 10. Power-law dependence of −[ln |〈S0 · Sr〉|] as a function of r in the RS phase. (a) Log-log plot of the result for the 1d Heisenberg
chain with random couplings. The inset shows the same data as a function of r1/2 in the linear plot. (b) and (c) are the log-log plots of the
results on the Ly = 4, 6 systems with long Lx and the Ly = 8, 10, Lx = 2Ly systems, respectively. (d) Log-log plot of the results on the
systems with the randomness strength ∆ = 0.8 on the Ly = 4, 6 systems.
log-log manner.
First of all, we show our result of the 1d Heisenberg chain
with random couplings in Fig. 10(a). We plot −[ln |〈S0 ·
Sr〉|] as a function of either r (log-log plot) or r1/2 (lin-
ear plot), which consistently support the predicted behavior
−[ln |〈S0 · Sr〉|] ∝ r1/2 by the strong-disorder renormaliza-
tion group [23]. In Fig. 10(b-c), we demonstrate −[ln |〈S0 ·
Sr〉|] as a function of r in the RS phase of the studied square-
lattice model. We can find that−[ln |〈S0 ·Sr〉|] fits the power-
law dependence with the distance r, which also indicates the
exponential decay of the typical spin correlation in this 2d
RS state. The fitted power exponents change slightly with
growing Ly and seem to near convergence on the Ly = 8, 10
systems, which are also near 1/2 and are consistent with our
analyses in the main text.
Furthermore, we also demonstrate the similar analysis of
the results at the randomness strength ∆ = 0.8 in Fig. 10(d).
Here we have only studied the systems with Ly = 4, 6. We
find that −[ln |〈S0 · Sr〉|] also follows a power-law depen-
dence with r. For Ly = 4, the power exponent is about 0.6.
However, on the wider Ly = 6 system, the exponent rapidly
decreases to 0.49, very close to 1/2. Our results indicate that
not only the average spin correlation but also the typical spin
correlation have the universal behavior in the RS phase.
PROCEDURE TO OBTAIN THE COVERING OF THE
DIFFERENT CLUSTERS ON THE LATTICE
Here, we clarify that the procedure is executed on a given
random sample in the middle Ly × Ly subsystem of the
Lx = 2Ly cylinder. First of all, all the bonds including the
long-range bonds are added to a list and ordered from the
smallest to the largest according to their spin correlation func-
tion if the value Cij is smaller than a given value Cd. In
the procedure we take Cd = −0.25, because the entangle-
ment entropy between two spins vanishes when their corre-
lation function Cij > −0.25, which is impossible for them
to form a “singlet-dimer”. The bonds are then regarded as
“singlet-dimers” according to their order on the list. There are
two rules on the dimer identification process: (i) the bonds
which have the smaller correlation functions are more likely
to form singlet-dimers; (ii) one site can only be involved in
one singlet-dimer. Considering the frustration effect, there
9is a possibility that the singlet dimer-coverings resonance to
a slightly different configuration if two bonds close to each
other have nearly the same correlation function. Therefore,
we put the bonds that could have the local resonance in differ-
ent groups which we call “resonating-dimer clusters” and one
such cluster contains 3 spins or 2 bonds at least.
The procedure for cluster generation is based on the above
dimer process, since we still have to identify the singlet-dimer
before adding it into a resonating-dimer cluster. A cluster is
always generated from one isolated singlet-dimer but for more
general explanation we assume that a cluster has already in-
cluded m-spins with the maximum correlation function Cmax
of the singlet-dimer bonds involved in the cluster. Then, we
start to traverse the entire singlet-dimer list obtained accord-
ing to the above rules. A singlet-dimer will be added to the
m-spins cluster so long as it involves at least one site of the
cluster and satisfies the condition Ck − Cmax < δ (Ck is the
correlation function of the bond on the ordered list). Here,
we take δ = 0.03125 to be consistent with the definition in
Ref. [47]. Every time a new singlet-dimer is included , we
update the maximum correlation function Cmax and then re-
peat the process until there is no other singlet-dimer on the list
can be added into the cluster. After the above generation pro-
cedure, there are still some spins that are involved in neither
isolated singlet-dimers nor resonating-dimer clusters. These
unpaired spins are identified as “orphan spins”. So far we
have classified the three types of clusters, and each spin must
be included in one of them. Please find more details of this
procedure in Ref. [47].
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